Abstract. We investigate in detail the implications of the constant-roll condition on the inflationary era of a scalar field coupled to a teleparallel f (T ) gravity. The resulting cosmological equations constitute a reconstruction technique which enables us to find either the f (T ) gravity which corresponds to a given cosmological evolution, or the Hubble rate of the cosmological evolution generated by a fixed f (T ) gravity. We also analyze in some detail the phase space of the constant-roll teleparallel gravity and we discuss the physical significance of the resulting fixed points and trajectories. Also we calculate the observational indices of a theory with given f (T ) gravity, and we discuss all the implications of the constant-roll condition on these. As we demonstrate, the resulting theory can be compatible with the current observational data, for a wide range of values of the free parameters of the theory.
Introduction
Unquestionably, the inflationary era is of profound importance for the description of the primordial cosmological evolution of our Universe [1] [2] [3] [4] [5] (see also [6] [7] [8] ), and many theoretical frameworks can successfully incorporate various version of this early-time acceleration [9] [10] [11] [12] [13] [14] . Most common is the scalar-tensor description, in which a scalar field slowly rolls a nearly plateau like potential, however modified gravity in various forms can describe an inflationary era. With regards to the modified gravity description of inflation, it is also possible to describe early and late-time acceleration within the same theoretical framework [15, 16] .
One questionable feature of the scalar field description of inflation, is that it is not possible to describe non-Gaussianities. The existence of non-Gaussianities may be verified by future observations of the primordial density perturbations. In some sense, there are debatable arguments against the existence of non-Gaussianities (see Ref. [17] for a review on non-Gaussianities), that to our opinion are philosophically aligned with the Occam's razor way of thinking, that is, the non-correlation of the primordial modes is the simplest answer, and therefore non-Gaussianities should be absent in the power spectrum. However, this is a unilateral approach in the scientific problem at hand, and a theory that aims to describe successfully the Universe should be robust against any opposing future observation. In this context, it was shown in Refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] that if the slow-roll condition is modified, nonGaussianities can be predicted even in the context of scalar-tensor theories of inflation. Also in Refs. [29, 30, 34] several transition between constant and slow-roll eras were successfully described. The implications of the constant-roll condition in F (R) gravity were firstly studied in Ref. [31] , and also in a later publication [35] , an alternative approach was considered.
In this paper we shall investigate the implications of a constant-roll inflationary era in the context of f (T ) teleparallel gravity. The theoretical framework of f (T ) teleparallel gravity has proved to be quite useful in cosmological and also astrophysical applications, and for recent reviews we refer to [14, 36] . Particularly, late-time acceleration in f (T ) gravity was studied in Refs. [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] , and also inflationary and bouncing cosmology scenarios were studied in [16, [51] [52] [53] [54] [55] [56] [57] [58] [59] . Also various astrophysical aspects of f (T ) gravity were addressed in Refs. [60] [61] [62] [63] [64] [65] [66] and in addition, the thermodynamics of f (T ) and other modified gravities were studied in Ref. [67] . In view of the various successful description of f (T ) gravity in both at a local and global scales in the Universe, with this work we aim to investigate thoroughly the implications of a constant-roll condition in f (T ) gravity. We shall assume a scalar constant-roll condition holds true, and we shall perform an in depth analysis of the various implications on the f (T ) inflationary era. Particularly, we shall demonstrate how the cosmological equations are altered in view of the constant-roll condition, and we shall show that the resulting formalism is actually a reconstruction mechanism that enables us to either, fix the cosmological evolution and find the corresponding f (T ) gravity which realizes the given cosmological evolution, or to fix the f (T ) gravity and seek for the Hubble rate solution that corresponds to this f (T ) gravity. In both cases, we shall assume the existence of a scalar field which acts as the inflaton, and in both cases we shall calculate the scalar potential that corresponds to the constant-roll scenario under study. In the case that the f (T ) gravity is fixed, we shall also calculate the cosmological indexes corresponding to the power spectrum of the primordial curvature perturbations, and particularly, the spectral index and the scalar-to-tensor ratio, and accordingly we confront the results with the latest Planck [68] and BICEP2/Keck Array data [69] . As we will show, the parameter that quantifies the constant-roll era, enters to the final expressions of the observational indices.
This paper is organized as follows: In section 2 we briefly review the essential features of f (T ) teleparallel gravity and in section 3 we present some characteristic results from the minimally coupled scalar-f (T ) theory, that will be needed in the sections to follow. In section 4 we present the reconstruction mechanism of constant-roll f (T ) gravity, and we discuss how the constant-roll condition alters the formalism of teleparallel gravity. In section 5, we fix the Hubble evolution and we investigate which teleparallel gravity and which potential can generate such an evolution. Also we perform a thorough phase space analysis of the cosmological dynamical system, discussing the physical meaning of the resulting fixed points. In section 6 we fix the functional form of the f (T ) gravity and we investigate which Hubble evolution this generates, and also we calculate in detail the observational indices of the corresponding cosmological theory. Finally the results follow in the end of this paper.
Essential Features of Teleparallel Geometry
Before we get into the core of this paper, let us briefly present some fundamental features of teleparallel geometry and gravity, for details we refer the reader to the reviews [14, 36] . We consider a 4-dimensional smooth manifold (M, h a ), with h a (a = 1, · · · , 4) being four independent vector (tetrad) fields defined globally on M , with the last condition actually being the realization of absolute parallelism. The tetrad vector fields satisfy the tensor relation h a µ h a ν = δ µ ν and also h a µ h b µ = δ b a , where (µ = 1, · · · , a) are the coordinate components of the a-th vector field h a . By using the tetrad field, we can construct a curvature-less (Weitzenböck) linear connection of the following form Γ α µν ≡ h a α ∂ ν h a µ = −h a µ ∂ ν h a α . Notably, the tetrad fields fulfill the teleparallel condition ∇ ν h a µ ≡ 0, where the operator ∇ ν is the covariant derivative with respect to the Weitzenböck connection we defined above. Also, the tetrad field can be used to construct the metric tensor on the manifold M by using g µν ≡ η ab h a µ h b ν with η ab being an induced Minkowski metric on the tangent space of M . The inverse metric is equal to g µν = η ab h a µ h b ν and subsequently the Levi-Civita symmetric connection is
can be defined, and in effect, a Riemannian geometry can be defined. The torsion and the contorsion tensors of the Weitzenböck connection are defined as follows, T α µν ≡ Γ α νµ − Γ α µν = h a α (∂ µ h a ν − ∂ ν h a µ ) and
∇ν h a µ ., where the covariant derivative
• ∇ν is defined with respect to the Levi-Civita connection. The torsion tensor can be written in terms of the contorsion tensor as T αµν = K αµν − K ανµ , while the inverse is equal to
νσ and K µνσ = g ǫµ K ǫ νσ . In teleparallel geometry, the torsion scalar is defined as follows,
The torsion scalar can be written in a compact form in the following way,
where the superpotential tensor S α µν is defined as follows,
which is skew symmetric in the last pair of indices. The teleparallel torsion scalar is equivalent to the Riemannian curvature scalar R, up to a total derivative term. Consequently, when T is used in a Lagrangian instead of R in Einstein-Hilbert action, the resulting field equations are equivalent, and this is actually the Teleparallel Equivalent of General Relativity (TEGR) theory of gravity.
Inflaton Minimally Coupled to f (T ) Teleparallel Gravity
In the context of f (T ) teleparallel gravity, the most successful inflationary theories are those for which the inflaton φ is minimally coupled to gravity, with the action being,
where |h| = √ −g = det (h µ a ). The scalar field part of the Lagrangian in Eq. (3.1), namely L φ , is defined as follows,
where ∂ µ = g µν ∂ ν . By varying L φ with respect to the metric, or equivalently with respect to the tetrad fields [70] , enables us to define the stress-energy tensor as follows,
which describes the matter content of the theory. We assume the stress-energy tensor to have a perfect fluid form, so it can be expressed as follows,
where u µ is the 4-velocity unit vector of the fluid. In most cosmological applications, where a massless scalar field φ with potential V (φ) is used, the unit vector is chosen to be normal to spacelike hypersurfaces defined by φ = constant. In effect, the stress-energy tensor (3.4) defines the scalar field density ρ φ and the corresponding pressure p φ in its rest frame, as follows,
In the above, we ignored an extra term which is generated by existing anisotropies. In the spirit of f (R)-gravity, in the context of which, one replaces R by an arbitrary function f (R) in the Einstein-Hilbert action, the TEGR has been generalized by replacing T by an arbitrary function f (T ) [38, 39, 45, 71] . In the natural units (c = = k B = 1), the f (T ) Lagrangian is equal to,
where M p = 2.4 × 10 18 GeV is the reduced Planck mass, which can be related to the grav-
Upon varying the action containing the Lagrangian L g , with respect to the tetrad fields, we obtain the tensor,
Upon rescaling, the tensor above takes the form
ν , and in effect we have,
where
dT 2 respectively. By varying the action (3.1) with respect to the tetrad fields, using Eqs. (3.7) and (3.3), gives the following field equations of f (T ) teleparallel gravity, 9) or equivalently, by substituting from Eq. (3.8), we obtain,
It is clear that the general relativistic limit is recovered by setting f (T ) = T . We will assume that the background metric is a flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric, with line element,
where a(t) is the scale factor of the Universe. Thus, the vierbein may take the following diagonal form, h µ a = diag (1, a(t), a(t), a(t)) . (3.12) This directly relates the teleparallel torsion scalar (2.1) to Hubble rate as follows,
where H ≡ȧ/a is Hubble rate, and the "dot" denotes differentiation with respect to the cosmic time t. Inserting the vierbein (3.12) into the field equations (3.10) for the scalar field matter fluid (3.4), the modified Friedmann equations of the f (T )-gravity are,
14)
Independently from the above equations, one could choose an equation of state to relate ρ φ and p φ . Here, we choose the simple barotropic case p φ ≡ p φ (ρ φ ) = w φ ρ φ . Generally, any modified theory of gravity should be recognized as a correction of the standard general relativistic gravity, so it is convenient to transform from the matter frame, we have been using, to the effective frame, which yields Einstein's gravity, in addition to the higher order f (T ) teleparallel gravity. So we rewrite the modified Friedmann equations in the case of f (T )-gravity, as follows,
In this case, the density and pressure of the torsional counterpart of f (T ) are defined by,
At the GR limit (f (T ) = T ), we have ρ T = 0 and p T = 0. In the barotropic case, the torsion will have an equation of state,
To fulfill the conservation law, when the scalar field and the torsion are minimally coupled, we have the following continuity equations,
Also the effective equation of state (EoS) parameter is defined as follows,
4 Slow-roll and Constant-roll Inflation in f (T ) Teleparallel Gravity
In this section we shall investigate the qualitative and quantitative consequences of a constantroll inflationary era in f (T ) teleparallel gravity.
It is a known fact that the modification of the Friedmann equations due to f (T ) gravity, can be written as a one-dimensional autonomous system of the formḢ ≡Ḣ(H) = F(H), for a general barotropic equation of state [72] . In this case, it is more convenient to use the Hubble rate H as an independent variable instead of the torsion scalar T . Using Eq. (3.13), the modified Friedmann equations (3.14) and (3.15) can be written as follows,
1)
shows that the Hubble parameter does not only decrease as in the GR limit, but it can also increase without violating the weak energy condition (WEC), ρ φ + p φ ≥ 0. In particular, we haveḢ > 0 with f ′′ > 0, whileḢ < 0 with f ′′ < 0. The last case includes the particular value f ′′ = −12 which produces the GR limit. By using Eq. (3.5), we obtain the inflaton's kinetic term and the scalar potential,
The last equation reads
, where w φ = p φ /ρ φ , which shows that the kinetic term is non-negative as long as w φ ≥ −1 and ρ φ ≥ 0, that is in fact consistent with the WEC. Otherwise, if w φ < −1 and ρ φ > 0, the kinetic term will be negative which implies to a phantom case. In other words, the WEC in the case of an ordinary scalar field minimally coupled to f (T ) gravity can be written as f − Hf ′ ≥ 0 andḢf ′′ ≥ 0. Also, the continuity equation (3.21) is nothing but the Klein-Gordon equation of motion for the inflaton in the FLRW background,φ
which also can be obtained directly by varying the inflaton Lagrangian L φ , appearing in Eq. (3.2), with respect to the scalar field φ. In the context of the slow-roll inflation approximation, two conditions have been imposed to the dynamical variables, firstly the condition which guarantees an accelerated expansion phase, 6) and secondly, the condition which makes the duration of the inflationary era prolonged, which is,
Substituting Eqs. (4.4), (4.6) and (4.7) into Eq. (4.5), it is easy to show that the slow-roll potential in terms of the f (T ) gravity can be obtained as follows,
so by integrating we get,
In the GR limit, that is when f = −6H 2 , the above equation reproduces the well-known relation
It is useful to parameterize the inflationary Universe by defining the first Hubble slow-roll index [14] and its running
Since H is almost constant during slow-roll inflationary era, the first slow-roll index is ǫ 1 < 1. However, the slow-roll inflation particularly requires also ǫ N to be small, that is, |ǫ N | ≪ 1.
In some other inflationary models, the slow-roll conditions have been modified, and replaced by a condition in which the term |φ| is no longer negligible. This is known as the so-called ultra slow-roll condition [19] ,φ = −3Hφ.
This condition has been introduced in order to produce a potential with an exact flat plateau (4.5). It has been shown that the condition (4.12) violates the slow-roll approximation, where the running of the first Hubble slow-roll index |ǫ 2 | is no longer small [19] . This makes the ultra slow-roll models in fact to be some sort of a fast-roll inflation model, like the ones of Ref. [23] . Interestingly enough, the ultra slow-roll inflation can produce a scale invariant power spectrum [20] . However, the scalar (curvature) perturbations grow on the super-horizon energy scale unlike the slow-roll inflation [20, 21] which disfavors the ultra slow-roll condition [22] . Along the research line of the ultra slow-roll inflation, the constant-roll inflation scenario [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] is a modification of the slow-roll inflation scenario, in which case the following condition holds true,φ = βHφ, (4.13)
where the slow-roll condition can be recovered if β ≪ 1, while the ultra slow-roll is recovered by setting β = −3. Remarkably, it has been shown that β = −3/2 is a critical value, where the scalar perturbations grow for β < − 3 2 and decay for β > − 3 2 at the super-horizon scale. Moreover, the first Hubble slow-roll parameter satisfies ǫ ≪ 1 during the constant-roll inflation era, but its running satisfies |ǫ N | > 1. Furthermore, in spite of using a single inflaton in the constant-roll inflationary scenario, the local non-Gaussianity consistency relation can be violated which makes the constant-roll inflation phenomenologically distinguishable from the slow-roll scenario.
The constant-roll inflation has been studied in the f (R) gravity context in two different ways. In the first approach, the constant-roll condition (4.13) is applied to the f (R) modified Friedmann equations [31] , and in this way one can obtain the f (R) gravity which generates a constantly rolling scalar field, or the construction a constant-roll potential for a given f (R) gravity. Also, in extended studies, the possible transition between slow-roll and constantroll and also between constant-roll eras, has been investigated in Refs. [29, 30, 34] . In the second approach, the conditionF = βH JḞ is considered as some sort of generalization of the constant-roll condition, where F = df /dR J and H J and R J are Hubble and Ricci scalar in Jordan frame [35] . In this paper, we investigate the condition (4.13) within the framework of the f (T ) teleparallel gravity.
The Solution H(φ) and the Scalar Potential
In this section we shall present a fundamental technique that will enable us to derive the function Hubble rate function H(φ) in the context of constant-roll f (T ) teleparallel gravity. This will also enable us to obtain the scalar potential V (φ). PluggingḢ =φ dH dφ in Eq. (4.4), we obtain,
dφ 2 and also we used the fact that the second derivative of the inflaton field with respect to the cosmic time is,
Then by applying the constant-roll condition (4.13), we obtain the following differential equation,
The above equation represents a modified version of the original work of the constant-roll inflation [22] due to the contribution of the torsional counterpart of f (T ) gravity. Unlike the general relativistic version, here we have two unknown functions f (H) and H(φ). So we can use (4.16) two ways: We may begin with some solution H(φ), then generate the f (T ) gravity which satisfies the constant-roll condition, see Sec. 5. Also, we may begin with some f (T ) theory, then generate the constant-roll Hubble H(φ), see Sec. 6. However, these two ways are not equivalent. By careful look to (4.16), one realizes that the differential equation is linear in f (H) but it is non-linear in H(φ). For example, at the GR limit, that is when, f (H) = −6H 2 , the second term in the above differential equation vanishes and then the equation reduces to the simple harmonic oscillator differential equation obtained in [22] , where H(φ) is given as a linear combination of exponential basis e ± √ −β/2φ . However, by substituting, conversely, the general relativistic solution H(φ) into (4.16), its second term cannot be made to vanish and one should not expect to generate only the GR theory. We will examine this case in more detail in Sec. 5.
Since the teleparallel torsion (Hubble) can be related directly to the inflaton field, then we have
φ , and so on. In effect, the differential equation (4.16) can be rewritten as follows,
which is a non-homogeneous third order linear differential equation in f (φ). The general solution is given as the linear combination
where c 1 , c 2 and c 3 are arbitrary constants. It is clear that the c 2 term ∝ H, acts as a divergence term in the action (3.1). Hereafter we omit this term, and also for simplicity we take c 3 = 0. It worths to mention here that the last term in the above equation identifies the GR solution, while the c 1 term is linearly independent from the GR solution and not expected to be a trivial multiple of the GR solution. In another word, for a given general relativistic cosmic evolution H(φ), the above solution determines the corresponding constant-roll f (T ) gravity where the GR relativistic (c 1 = 0) and the general case (c 1 = 0) are both allowed in modified gravity. In fact this case will be examined in Sec. 5. Turning our focus to the scalar potential, by inserting (4.14) into (4.3), the constant-roll potential can be written as follows,
The above equation represents a modified version of the constant-roll potential which has been previously obtained in for example, in the context of a canonical scalar field gravity. This can be shown clearly by taking f (H) = −6H 2 + F (H), in effect Eq. (4.19) becomes,
In the above expression for the scalar potential, the second term on the right hand side, is essentially the contribution of f (T ) gravity in the constant-roll potential. For F (H) = 0, the constant-roll potential takes the usual scalar tensor form appearing in the related literature. We note that for any f (T ) gravity, the constant-roll inflationary era can be quantified by making use of Eqs. (4.16) and (4.19). Alternatively, applying the constant-roll condition (4.13) to the Klein-Gordon equation (4.5), we obtain,
where H here is an independent variable. Sinceφ =Ḣφ ′ , Eq. (4.4) becomesḢφ ′2 = M 2 p 6 f ′′ . Thus, the above differential equation takes the form,
The equation (4.23) is an equivalent alternative to Eq. (4.19) up to an additive constant term V 0 which can produced in (4.19) by including the constant term c 3 in the general solution (4.18) or by assuming f (T ) → f (T ) − 2Λ in the lagrangian (3.6). However, Eq. (4.23) can be used to reconstruct constant-roll potentials directly for a given f (T ) gravity, without knowing the generating function H(φ). Conversely, it enables us to reconstruct the f (T ) gravity, which generates a given constant-roll potential V (H). We also note that the constant-roll inflation can be fully determined by combining Eqs. (4.16) and (4.22) . By comparing (4.19) and (4.23), for V 0 = 0 case, we find that
The above equation can be used to constrain the viable range of the constant-roll parameter in f (T ) scenario. Since the left hand side is always non-negative and f − Hf ′ ≥ 0 in the right hand side as required by the WEC, we identify the viable range of the constant-roll parameter as β ≤ 0.
In the sections to follow, we investigate some particular constant-roll inflationary models. Our investigation is two-fold: first, we shall assume a particular constant-roll generating function H(φ) which has been obtained in Ref. [23] . According to the f (T ) contribution in (4.16), a modified constant-roll potential will be obtained. This will eventually constrain the constant-roll parameter β when the observational indices are taken into account. Second, we shall assume a particular form of f (T ) teleparallel gravity, and we shall construct the corresponding constant-roll potential. Also, we shall examine the compatibility of the model obtained, with the current observational data.
Reconstruction of f (T ) Gravity for Constant-roll Inflation
In this section, we shall specify the Hubble rate as a function of the scalar field H(φ), and by using this and the reconstruction techniques we presented in the previous sections, we shall find the scalar potential and the f (T ) gravity that may generate H(φ). We assume that H(φ) has the following form [23] ,
where M is a scale characteristic of H(φ). In order to assure the validity of the spacetime description of the model, we assume that M ≤ M p , otherwise, quantum gravity effects should be also taken into account. Substituting Eq. (5.1) in Eq. (4.17), we get,
2) The above equation will enable us to reconstruct the corresponding constant-roll potential V (φ) and also, it can be used to reconstruct the corresponding f (T ) theory that generates H(φ). One can see that equations (5.1) and (5.2) satisfy the f (T ) constant-roll condition (4.16). However, the f ′′′ -term in (4.16) cannot be made to vanish by taking the general relativistic solution (5.1), so one should expect a solution different from the GR theory. As a matter of fact, the general solution (5.2) reduces to the GR theory for c 1 = 0. However, the non-zero values of c 1 are allowed too, and consequently a new modified constant-roll potential can be generated in the f (T ) gravity scenario.
By substituting Eqs. (5.1) and (5.2) in Eq. (4.19), we obtain the scalar potential,
3)
The quantity in the second line of Eq. (5.3) corresponds to the f (T ) contribution to the cosmic evolution (5.1). For c 1 = 0, the potential reduces to the one which has been obtained in Ref. [23] . As a matter of fact, in the β < 0 case, which is represented by Fig. 1(a) , the qualitative potential patterns of c 1 = 0 are similar to that have been obtained in Ref. [23] , when c 1 = 0. For β > 0, the cosine potential patterns, when c 1 has small values, see Fig.  1(b) , are similar to that have been obtained in Ref. [23] when c 1 = 0. These case matche the cosine natural inflation model [73] with a negative cosmological constant. On the contrary, for large values of c 1 different patterns can be obtained. We note that we keep our discussion in the present work limited to small values of c 1 , which match the physical scenarios as we will explain latter on, in Sec. 5.1, when we discuss the phase portraits of the model. In the general case (c 1 = 0), one can examine the consistency of the new solution. In order to do that, we use the chain rule f ′′ = (f φφ H φ − f φ H φφ ) /H 3 φ and (4.14), then writė
However, by making use of the above equation in addition to (5.1), (5.2) and (5.3), we verify the consistency of the obtained solution with the constant-roll Klein-Gordon equation (3 + β)Hφ + V φ = 0.
In order to explore the physical meaning of the constant-roll parameter β, we use Eqs. (4.3) and (4.4) to obtain the following differential equation,
For the case V 0 = 0, we substitute the constant-roll potential in the f (T ) gravity (4.23) into (5.4). Thus, we writeḢ
In fact, the above equation represents a one-dimensional autonomous system, sinceḢ can be written explicitly in terms of H. The above relation can clearly dictate the role of the constant-roll parameter β. As it can be easily shown, the parameter β is strongly related to the inflaton equation of state. By assuming a linear barotropic equation of state, that is, of the form p φ = w φ ρ φ , by combining Eqs. (4.3), (4.4) and (5.5), we obtain,
In conclusion, For V 0 = 0 case, the constant-roll parameter β fixes the EoS parameter w φ of the inflaton. By using Eq. (5.6), we classified all the different inflationary scenarios in Table  1 . EoS β Model Curvature perturbations w φ > 1 β < −3 Non-attractor growing w φ = 1 β = −3 ultra slow-roll growing 0 < w φ < 1 −3 < β < −3/2 attractor growing w φ = 0 β = −3/2 Cosh potential growing −1 < w φ < 0 −3/2 < β < 0 attractor decaying
Interestingly enough, the constant-roll inflationary scenario becomes identical to the slow-roll, when w φ = −1, in which case β = 0. Also, when the constant-roll parameter β takes positive values, then the inflaton has a phantom EoS w φ < −1. It is worth mentioning that if the V 0 = 0 case has been considered in Eq. (4.23), it will modify the phase portrait (5.5). In this case, we haveḢ
Following the same procedure above, we relate the constant-roll parameter and the EoS parameter w φ by
In this case, the inflaton will have a dynamically varying EoS, where the Universe can interpolate between different scenarios. This is an indirect approach to the transition problems studied in Refs. [29, 30, 34] . Remarkably, in the latter case, i.e. V 0 = 0, the constant-roll parameter β may have positive values, while the WEC is still functioning successfully, see [23, 35, 74] .
For the model at hand, by using the inverse of Eq. (5.1), which yields φ ≡ φ(H), we can rewrite Eq. (5.2) in terms of H as follows,
Thus, the constant-roll f (T ) gravity imposes the constraint |H| ≤ M ≤ M p on the Hubble parameter. This constraint ensures the physical consistency of the theory, since the Hubble rate cannot exceed the Planck mass M p . The first term in Eq. (5.7) reproduces the GR limit, while the term proportional to c 1 , corresponds to the f (T ) gravity modification. In effect, the differential equation of Eq. (5.5) reads,
Obviously, the choice β = 0 implies thatḢ = 0, which matches exactly the de Sitter solution of slow-roll inflation. On the other hand, the choice c 1 = 0 implies thatḢ = βH 2 , which matches exactly the standard cosmology where β < 0. In this sense, the non-null values of c 1 and β could provide a cosmic evolution interpolating between these two cases. In Fig. 2 , we plot different phase portraits corresponding to solutions of Eq. (5.8), for various choices of the parameters c 1 = 0 and β = 0. 
Analysis of the Phase Space
Let us now study in some detail the phase space of the cosmological dynamical system of Eq. (5.8). For c 1 < 0 and β < 0, and during the era for which H > 0, the dynamical system has two fixed points at,
Obviously, the choice c 1 = 0 shifts the lower fixed point to be that of a Minkowski Universe H = 0, just as in the GR limit. However, the choice c 1 < 0, enforces the Universe to evolve towards the de Sitter solution H > 0 instead of the Minkowski. Actually, the modification that the f (T ) gravity introduces to the cosmological equations, namely (5.7), makes easy to interpret the de Sitter solution at the small H regime as late-time acceleration. In Fig. 2(a) , the plot shows that the Universe interpolates between two de Sitter phases, as the Hubble rate decreases. In the standard model of cosmology, the Universe begins with an initial crushing-type singularity where the Hubble rate and its derivative blow-up, that is, H → ∞ andḢ → ∞ at t = 0 finite time. Interestingly enough, our model imposes an upper bound for the Hubble parameter to be H max = M , which can be chosen to be consistent with a maximum energy density at the Planck scale. Although, this maximum value of Hubble rate is at a fixed point, this can be reached at a finite time, which is,
In fact, at the upper fixed point the slope of the phase portrait dḢ dH diverges which indicates the presence of a finite-time singularity of Type IV at that point [72] (see also [58, [75] [76] [77] ). Alternatively, from Eq. (5.8), it can be shown that at the upper fixed point H = M = f inite, H = 0 = f inite butḦ diverges. In this case, we call this fixed point a de Sitter of Type IV. In conclusion, the model replaces the initial big bang singularity with Type IV de Sitter singularity. As it is clear from Fig. 2(a) , at the large Hubble rate regime, the Universe undergoes an accelerating expansion (unshaded region) at early-time, and also it exits into a FLRW deceleration era (shaded region). The Hubble rate value at the graceful exit time instance, can be identified as the cutting point of the phase portrait with the zero acceleration curve, that is, whenḢ = −H 2 . For β = −2, the phase portrait matches exactly the radiation phase portrait of standard Big Bang cosmology. This feature is important in order to ensure a successful thermal history. In addition, at the small Hubble rate regime, the phase portrait cuts the zero acceleration curve once more towards a future de Sitter fixed point H lower−f ix , and this fixed point is reached asymptotically. In effect the Universe is free from any future finite time singularities. At the second cutting point, the Hubble rate value can be chosen as H tr ∼ 100 − 120 km/s/Mpc, so at a redshift z tr ∼ 0.6 − 0.8, in order to be comparable with the ΛCDM model at late times, which subsequently constrains c 1 to be small.
In summary, our model can provide a unified cosmic history of the early and latetime acceleration eras. Also, the FLRW decelerated phase is compatible with the standard cosmology. Moreover, the late-time acceleration, compatible with ΛCDM model, is realized without using a cosmological constant. Now let us discuss another interesting solution of our dynamical system, and for c 1 > 0, the fixed points of (5.8) are H f ix = ±M . The phase portraits of the c 1 > 0 case are given in Fig. 2(b) . We consider the more physically appealing scenario β < 0. From (5.8), we find thatḢ diverges at finite Hubble values
We conclude that these singularities are of type II (sudden singularities). Interestingly, the geodesics at these singular points are well behaved, whereas the first derivative of the scale factor is finite and subsequently the Christoffel symbols are regular. For small nonnegative c 1 ≪ 1, we have H s ∼ ±M which near the maximum Hubble value. In Fig. 2(b) , we exaggerate the gap between de Sitter points and the sudden singularities in order to get clear view. The phase portrait of c 1 > 0 is similar to that have been obtained in Ref. [78, 79] , where junction conditions have been used to joint two branches of the solution. In this case, the universe will be oscillating between the two sudden singularities H s± with not attractors. However, the consistency of the extension of spacetime through joining the two branches of solutions with the junction conditions and the geodesic extension need to be checked. We note here that both scenarios, i.e. c 1 < 0 and c 1 > 0, are expected to be viable when c 1 has small values. This justifies the realization of the potential patterns in Fig. 1 . Now let us turn our focus on the f (T ) gravity that generates the cosmic evolution (5.1), so by substituting Eq. (3.13) in (5.7), we obtain,
It is clear that the GR (or TEGR) limit is recovered by setting c 1 = 0. It is interesting to note that there is no β-dependence in the resulting f (T ) gravity. Also, as it can be seen from Fig. 3 , for c 1 = 0, the TEGR theory has no upper limit on H which is compatible with the Big-Bang scenario. However, for the c 1 = 0 cases the f (T ) theory cannot be extended beyond H max , where the initial singularity becomes of Type II or IV according to the sign of c 1 . In both cases there are an upper limit on H. This is in agreement with the phase portraits given in Fig. 2 . Also, at late time for non-zero values of c 1 the phase portrait does not evolve towards Minkowski as in the TEGR case, but instead it evolves towards de Sitter or towards a collapsing phase. In Fig. 3 , we exaggerate the effect of the constant c 1 to display the deviation from TEGR clearly. However, in physical scenarios we expect the value of c 1 to be tiny enough to be compatible with TEGR at the intermediate phase. This is necessary to provide the thermal history matching the standard cosmology [72] . Although the model at hand shows many interesting qualitative behaviours, it needs more investigation to examine its viability on the quantitative level.
Examining the WEC of the Model
It has been shown earlier in Sec. 4 that the WEC in the case of a canonical scalar field minimally coupled to f (T ) gravity reduces to f − Hf ′ ≥ 0 andḢf ′′ ≥ 0. In this section, we examine the validity of the WEC for the model at hand, which provides a good tool to constrain the viable range of the constant-roll parameter β. Using (5.7) and (5.4), we examine the WEC, where
The solution of the above system of inequalities implies that We present some plots in Fig. 4 that are visualizing the WEC. In Fig. 4(a) , we investigate only the possible negative values of the constant c 1 . It is clear that the WEC is fulfilled as long as β ≤ 0 at the H > H lower−f ix patch. We note that ρ φ +p φ cannot be negative in a finite time, since its null value meets the fixed point H lower−f ix as indicated in the Figure. This is in agreement with the phase portraits in Fig. 1(a) where the viable physical scenario matches Also, the speed of sound of the scalar perturbation in the context of f (T ) gravity is equal to 1 , 6) and for the power-law theory of Eq. (6.1), it reads,
Thus, the causality condition (c s ≤ 1) sets the constraint that n < 1 2 or n ≥ 1. However, if both the stability and the causality conditions are imposed (0 ≤ c s ≤ 1), the parameter n is constrained as n ≥ 1.
Examining the WEC of the power-law f (T ) Model
As mentioned in Sec. 4 that the WEC, in the case of a canonical scalar field minimally coupled to f (T ) gravity, provides a good tool to constrain the viable range of the constantroll parameter β. In this section we examine the WEC in the case of the power-law f (T ) gravity model. Using the Hubble function (6.4), we write the autonomous equatioṅ
The above equation identifies the phase portrait of the model at hand as a parabolic curve (belongs to the standard cosmology model), where its qualitative behaviour shows that the constant-roll β should be negative when n > 0 to match standard cosmology [72] . Otherwise, the universe evolves towards big-rip in phantom regime. In the case of β = 0, the universe is trapped forever in a fixed point, since this point is de Sitter fixed point. For the f (T ) given by (6.1), the WEC is satisfied as
Since the sound speed of scalar fluctuations restrict the power-law model to have n ≥ 1 as shown by Eq. (6.7), the constant-roll parameter should follow the constraint β ≤ 0, to satisfy the WEC, confirming the previously obtained results. We also visualize this result graphically as shown in Fig. 5 .
The Inflationary Parameters of the Power-law f (T ) Model
Similar to k-inflation models [83, 84] , the running of the speed of sound should be introduced in the f (T ) perturbative analysis, as an additional slow-roll parameter [81, 82] ,
We note that the power-law f (T ) gravity is characterized by a constant speed of the scalar fluctuations as given by Eq. (6.7), subsequently all the sound speed slow-roll parameters (6.9) of the power law f (T ) gravity are null.
In the FLRW cosmological background, small deviations from homogeneity,
can be transformed to Fourier space, in which case each Fourier mode evolves in an independent way from the other modes, as it can be seen below,
where r and k = | k| are the comoving coordinates and the comoving wavenumber, respectively. Then, 1/k defines the comoving wavelength, and the physical mode wavelength is λ(t) = a(t)/k. At sub-horizon scale, the physical wavelength satisfies λ ≪ λ H , where λ H = H −1 is the Hubble radius, to which we refer to as "the horizon". However, in f (T ) gravity, due to the contribution of the speed of sound of the scalar fluctuations, it is convenient to modify this condition to be λ ≪ λ s , where λ s = c s H −1 is the sound horizon. In observational cosmology, it is convenient to expand the power spectrum of scalar (tensor) perturbations as follows,
10) 11) where the wavenumber k * is be set as the pivot scale in the observable range, A s (A T ) is the scalar (tensor) amplitude, n s (n T ),
d ln k 2 are the scalar (tensor) spectral index of primordial curvature perturbations, the running of the scalar (tensor) spectral index, and the running of the running of the scalar spectral index, respectively. Following the standard steps of quantization of the theory, we go directly to the spectral density
where z is defined as z s = a √ 2ǫ 1 /c s , ζ k is a gauge-invariant variable, which characterizes the cosmological inhomogeneities, defined as in [51] , and the canonical variable v k = z s ζ k . As clear from the above equation that the scale invariant power spectrum requires the leading term to be |ζ k | ∝ k −3/2 . Following the procedure given in Ref. [81, 82] , the equation of motion of the scalar fluctuation is written in terms of the canonical variable v k as 13) where the primes denote derivatives with respect to the conformal time τ = dt/a. The above equation reduces to the well-known Mukhanov-Sasaki equation when c s = 1. In order to find the scalar power spectrum of the gauge variable ζ k , we solve (6.13), where the initial condition takes the form of Bunch-Davies vacuum
Notably, the initial condition above has been modified to include the speed of sound of the scalar fluctuation which has a crucial role in the f (T ) gravity on the perturbation level. On the other hand, the long wavelength solution gives 15) where the constant can be fixed by matching the two solutions at the sound horizon crossing (λ = λ s ) in the standard way. In the transition we assume that the universe is quasi-de Sitter a ∼ 1/(Hτ ) and (6.13) becomes a Bessel equation. Along with the initial condition (6.14), it gives [84]
Thus, at the sound horizon crossing λ = λ s , i.e. a = kc s /H, we identify the gauge variable
It remains now to identify the scalar power spectrum of the gauge variable ζ k . This can be done by plugging (6.17) into (6.12). This gives the primordial power spectrum of the primordial curvature scalar perturbations [51, 81, 82 ]
The last equality has been obtained by using (6.4), (6.5) and (6.7). The sound horizon crossing can be expressed as λ = λ s , which determines the time of the sound horizon exit,
Inserting the above expression in Eq. (6.18), we can evaluate the scalar power spectrum in terms of the comoving wavenumber k, and the resulting expression is,
By comparing with (6.10), we easily obtain the resulting expression for the spectral index of primordial curvature perturbations, which is,
Remarkably, the above relation gives a modified version of the general relativistic power spectrum. We restrict ourselves by choosing n s = 0.96 to fulfill the observational constraints from the joint analysis of Planck and BICEP2/Keck Array collaborations. Consequently, we get,
The tensor fluctuations power spectrum in f (T ) gravity, is given by the standard expression, 24) where the parameter z T is equal to [81, 82] ,
All quantities in the right hand side of Eq. (6.24), should evaluated at the horizon crossing λ = λ H , where λ H = H −1 is the Hubble horizon. In the general case, the freezing out moment of the scalar fluctuations is determined at the sound horizon crossing time instance, which is different from the freezing out of the tensor fluctuations which occur when the Hubble horizon crossing occurs. However, this difference is negligible if we restrict ourselves to the lowest order slow-roll parameters [84] . In Ref. [81] , it has been proposed that if the following holds true,
the tensor fluctuations power spectrum in the f (T ) gravity reduces to the standard inflationary model where z T ≈ a. In order to check the validity of this condition in the present model, one may rewrite the parameter δ as follows,
Using (6.5) and (6.7), δ becomes, 28) where the last quantity in the above equation is evaluated by using (6.23). We note that the parameter δ = 0 in the TEGR limit (n = 1), while in the power-law f (T ) gravity δ < O(1) when −49 < n < 51. Therefore, we find that the condition δ ≪ 1 is valid in our case, and thus, the power spectrum of the tensor fluctuations matches the standard cosmology case, where
We note here that the tensor power spectrum should be estimated at the time of horizon crossing λ = λ H . This time is not exactly the same as the time of sound horizon crossing λ = λ s , but to lowest order in the slow-roll parameters this difference is negligible [84] . At the horizon exit λ = λ H , we determine the time of the horizon exit,
(6.30)
Inserting (6.30) in (6.29), we write the tensor power spectrum in terms of the comoving wavenumber k as follows,
By comparing the above expression, with (6.11), we get the spectral index of the tensor power spectrum,
Interestingly, Eqs. (6.22) and (6.33) identify that the slopes of the power spectra n s − 1 = n T = 2β n+β are constant similar to the standard PLI except the newly introduced n parameter. Using (6.23), we find that n T ≃ −0.04. It is worth to mention that this value does not depend on the index n. Thus, the scale-dependance of the tensor fluctuations power spectrum (6.11) can be measured by using the spectral index,
This observable is not measured accurately up to date, however, using (6.18) and (6.29), the scalar-to-tensor ratio in f (T ) is given by, r ≡ P T P s = 16c s ǫ 1 = −8c s n T . (6.35)
Remarkably, there is no way to put an upper limit on the parameter ǫ 1 from the above relation, without constraining the speed of sound. However, it reduces to the standard consistency relation by setting c s = 1. From (6.7) and (6.33), we find, 36) where the last quantity in the above equation is evaluated by using (6.23) . Although the modified PLI is qualitatively different from the standard one, it leads to constant slopes, n s − 1 = n T = 2β (n + β) < 0, of the power spectra of primordial scalar and tensor perturbations, as obviously seen from (6.22) and (6.34), just as in the standard PLI. Interestingly, for n 4.73, the model fulfills the upper bound of the Planck data r 0.002 < 0.11 at 95% CL. This is on the contrary to the excluded standard PLI (n = 1) which produces a large r = 0.32. Thus, we conclude that the power-law f (T ) gravity provides a better frame work with that scenario. Finally, we summarize some numerical values of the model parameters, for different choices of the parameter n in Table 2 . As it can be seen in Table 2 , the compatibility with the Planck data occurs for a wide range of the free parameters of the model. In conclusion, within the power-law f (T ) gravity, the constant-roll parameter is slightly less than zero, particularly β −0.093, as shown in Table 2 . Thus, according to Eq. (5.6), we expect the inflaton to have an EoS slightly above −1. So we should not worry about ghost instability problems in our case. Notably, when the constant-roll potential (4.23) includes a non-vanishing V 0 -term, we could obtain positive values of β, while the WEC is still valid. This case is similar to the constant-roll model which has been obtained in Ref. [23, 74] .
Concluding Remarks
In this paper we investigated the implications of a constant-roll condition on f (T ) gravity inflation. We assumed that the theory is described by an inflaton minimally coupled to an f (T ) teleparallel gravity, and we examined in detail the implications of the constant-roll condition in the cosmological evolution. Our approach enabled us to introduce a reconstruction technique, in the context of which it is possible by fixing the Hubble evolution, to find both the constant-roll scalar potential and also the f (T ) gravity which may generate such evolution. Also, by fixing the f (T ) gravity, by employing the reconstruction technique we developed, we were able to find both the Hubble rate corresponding to it and also the scalar potential. Also we calculated the power spectrum of primordial scalar curvature perturbations and also the power spectrum of primordial tensor perturbations, and we investigated the implications of the constant-roll condition on the spectral index and the scalar-to-tensor ratio. As we showed, the resulting observational indices can be compatible with the observational data, and we examined the parameter space in order to find which values allow the compatibility with current observational data.
As a general conclusion, by taking into account the results of the present study but also of previous studies of F (R) gravity, the constant-roll condition can provide an appealing theoretical framework, in the context of which a viable theory of inflation is obtained, which is compatible with the current observational data. What now remains, is to investigate the implications of the constant-roll scenario on Gauss-Bonnet F (G) theories, and also other modified gravity theories such as mimetic gravity or F (R, T ) gravity.
